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Abstract
This paper is concerned with the invisibility cloaking in electromagnetic wave scattering
from a new perspective. We are especially interested in achieving the invisibility cloaking by
completely regular and isotropic mediums. Our study is based on an interior transmission
eigenvalue problem. We propose a cloaking scheme that takes a three-layer structure including
a cloaked region, a lossy layer and a cloaking shell. The target medium in the cloaked region
can be arbitrary but regular, whereas the mediums in the lossy layer and the cloaking shell are
both regular and isotropic. We establish that there exists an infinite set of incident waves such
that the cloaking device is nearly-invisible under the corresponding wave interrogation. The
set of waves is generated from the Maxwell-Herglotz approximation of the associated interior
transmission eigenfunctions. We provide the mathematical design of the cloaking device and
sharply quantify the cloaking performance.
Key words. electromagnetic scattering, invisibility cloaking, interior transmission eigenvalues
1 Introduction
Invisibility cloaking has received significant attentions in recent years in the scientific community
due to its practical importance; see [1–6,13–15,18,19,21] and the references therein for the relevant
mathematical literature. The crucial idea is to coat a target object with a layer of artificially
engineered material with desired properties so that the electromagnetic waves pass through the
device without creating any shadow at the other end; namely, invisibility cloaking is achieved.
Invisibility cloaking could find striking applications in many areas of science and technology such
as radar and sonar, medical imaging, earthquake science and, energy science and engineering, to
name just a few.
Generally speaking, a region of space is said to be cloaked if its contents, together with the
cloak, are invisible to a particular class of wave measurements. In the literature, most of the
existing works are concerned with the design of certain artificial mechanisms of controlling wave
propagation so that invisibility is achieved independent of the source of the detecting waves; that is,
for any generic wave fields that one uses to impinge on the cloaking device, there will be invisibility
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effect produced. In this paper, we shall develop a novel cloaking scheme where the invisibility is
only achieved with respect to detecting waves from a particular set. In doing so, one can achieve
the invisibility cloaking by completely regular and isotropic mediums. Next, we first present the
mathematical setup and then discuss the main results of the current study.
Consider the time-harmonic electromagnetic (EM) wave scattering in a homogeneous space with
the presence of an inhomogeneous scatterer. Let us first characterize the optical properties of an
EM medium with the electric permittivity , magnetic permeability µ, and electric conductivity
σ. We recall that M3×3sym is the space of real-valued symmetric matrices and that, for any Lipschitz
domain Ω ⊂ R3, we say that γ is a tensor in Ω satisfying the uniform ellipticity condition if
γ ∈ L∞(Ω;M3×3sym) and there exists 0 < c0 < 1 such that
c0|ξ|2 ≤ γ(x)ξ · ξ ≤ c−10 |ξ|2 for a.e. x ∈ Ω and every ξ ∈ R3.
c0 shall be referred to as the ellipticity constant of the tensor γ. It is assumed that both (x) and
µ(x), x ∈ R3, belong to L∞(Ω;M3×3sym), and are uniform elliptic with constant c0 ∈ R+; whereas it
is also assumed that σ ∈ L∞(Ω;M3×3sym) satisfies
0 ≤ σ(x)ξ · ξ ≤ λ0|ξ|2 for a.e. x ∈ R3 and every ξ ∈ R3,
where λ0 ∈ R+. Denote (Ω; , µ, σ) the medium Ω associated with , µ, σ, and it is said to be
regular if the material parameters fulfill the conditions described above. Moreover, γ(x), x ∈ Ω,
is said to be isotropic if there exists α(x) ∈ L∞(Ω;R) such that γ(x) = α(x) · I3×3, where I3×3
signifies the 3× 3 identity matrix. Suppose (Ω; , µ, σ) is located in an isotropic and homogeneous
background/matrix medium whose material parameters are given by
(x) = I3×3, µ(x) = I3×3, σ(x) = 0, for x ∈ R3\Ω¯.
Let ω ∈ R+ denote an EM wavenumber, corresponding to a certain EM spectrum. Consider
the EM radiation in this frequency regime in the space
(R3; , µ, σ) = (Ω; , µ, σ) ∧ (R3\Ω¯; I3×3, I3×3, 0).
Let (Ei,Hi) be a pair of entire electric and magnetic fields, modeling the illumination source. They
verify the time-harmonic Maxwell equations,
curl Ei − iωHi = 0, curl Hi + iωEi = 0 in R3. (1)
The presence of the inhomogeneous scatterer (Ω; , µ, σ) interrupts the propagation of the EM waves
Ei and Hi, leading to the so-called wave scattering. We let Es and Hs denote, respectively, the
scattered electric and magnetic fields. Define
E := Ei + Es, H := Hi + Hs,
to be the total electric and magnetic fields, respectively. Then the EM scattering is governed by
the following Maxwell system
curl E(x)− iωµ(x)H(x) = 0, x ∈ R3,
curl H(x) + iω(x)E(x) = σ(x)E(x), x ∈ R3,
lim|x|→+∞
(
µ1/2(x)Hs(x)× x− |x|1/2(x)Es(x)) = 0. (2)
2
The last limit in (2) is known as the Silver-Mu¨ller radiation condition. The Maxwell system (2) is
well-posed and there exists a unique pair of solutions (E,H) ∈ H(curl,R3). Here and also in what
follows, for any open set Ω ⊂ R3, we make use of the following Sobolev spaces:
H(curl,Ω) :=
{
u ∈ L2(Ω)3|curlu ∈ L2(Ω)3} ,
H0(curl,Ω) := {u ∈ H(curl,Ω) : ν × u = 0, ν × curlu = 0 on ∂Ω} ,
H2(curl,Ω) := {u ∈ H(curl,Ω) : curlu ∈ H(curl,Ω)} ,
H20 (curl,Ω) := {u ∈ H0(curl,Ω) : curlu ∈ H(curl,Ω)} ,
(3)
endowed with the scalar product
(u, v)H(curl,Ω) = (u, v)L2(Ω) + (curlu, curl v)L2(Ω),
(u, v)H2(curl,Ω) = (u, v)H(curl,Ω) + (curlu, curl v)H(curl,Ω),
and the corresponding norms ‖ · ‖H(curl,Ω) and ‖ · ‖H2(curl,Ω). Moreover, define
TH
−1/2
Div (∂Ω) :=
{
U ∈ TH−1/2(∂Ω) : DivU ∈ H−1/2(∂Ω)},
where Div is the surface divergence operator on ∂Ω, THs(∂Ω) is the subspace of all those V ∈
(Hs(∂Ω))3 which are orthogonal to ν, and Hs(·) is the usual L2-based Sobolev space of order
s ∈ R.
For the solutions to (2), we have that as |x| → +∞ [11, 23]:
Es(x) =
eiω|x|
|x| E∞(xˆ) +O
(
1
|x|2
)
,
Hs(x) =
eiω|x|
|x| H∞(xˆ) +O
(
1
|x|2
)
,
where xˆ := x/|x| ∈ S2, x ∈ R3\{0}. E∞ and H∞ are, respectively, referred to as the electric and
magnetic far-field patterns, and they satisfy
H∞(xˆ) = xˆ×E∞(xˆ) and xˆ ·E∞(xˆ) = xˆ ·H∞(xˆ) = 0, ∀ xˆ ∈ S2.
The medium (Ω; , µ, σ) is said to be invisible under the electromagnetic wave interrogation by
(Ei,Hi) if
E∞(xˆ, (Ei,Hi), (Ω; , µ, σ)) ≡ 0 and H∞(xˆ, (Ei,Hi), (Ω; , µ, σ)) ≡ 0, ∀ xˆ ∈ S2. (4)
In the current work, we shall consider the cloaking technique in achieving the invisibility. Let
D b Ω be a bounded Lipschitz domain. Consider a cloaking device of the following form
(R3; , µ, σ) = (D; c, µc, σc) ∧ (Ω\D¯; m, µm, σm) ∧ (R3\Ω¯; I3×3, I3×3, 0), (5)
where (D; c, µc, σc) denotes the target object being cloaked, and (Ω\D¯; m, µm, σm) denotes the
cloaking shell medium (see Figure 1).
For a practical cloaking device of the form (5), there are several crucial ingredients that one
should incorporate into the design:
• The target object (D; c, µc, σc) can be allowed to be arbitrary (but regular). That is, the
cloaking device should not be object-dependent. In what follows, this issue shall be referred
to as the target independence for a cloaking device.
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(D; c, µc, σc)
(Ω\D¯; m, µm, σm)
Figure 1: A two-layer cloaking device.
• The cloaking medium (Ω\D¯; m, µm, σm) should be feasible for construction and fabrication.
Indeed, it would be the most practically feasible if (Ω\D¯; m, µm, σm) is uniformly elliptic
with fixed constants and isotropic as well. In what follows, this issue shall be referred to as
the practical feasibility for a cloaking device.
• For an ideal cloaking device, one can expect the invisibility performance (4). However, in
practice, especially in order to fulfill the above two requirements, one can relax the ideal
cloaking requirement (4) to be
|E∞(xˆ, (Ei,Hi), (Ω; , µ, σ))|  1 and |H∞(xˆ, (Ei,Hi), (Ω; , µ, σ))|  1,
∀ xˆ ∈ S2 and ∀ (Ei,Hi) ∈ H, where H is a set of incident waves consisting of entire solutions
to the Maxwell equation (1). That is, near-invisibility can be achieved for scattering mea-
surements made with interrogating waves from the set H. In what follows, this issue shall be
referred to as the relaxation and approximation for a cloaking device.
In this paper, we shall develop a cloaking scheme that addresses all of the issues discussed
above. Our study connects to a so-called interior transmission eigenvalue problem associated with
the Maxwell system as follows,
curl Em(x)− iωµmHm(x) = 0 in Ω\D¯,
curl Hm(x) + iωmEm(x) = 0 in Ω\D¯,
curl E0(x)− iωH0(x) = 0 in Ω,
curl H0(x) + iωE0(x) = 0 in Ω,
ν ×Em = 0 on ∂D,
ν ×Em = ν ×E0, ν ×Hm = ν ×H0 on ∂Ω.
(6)
Concerning the problem (6), some remarks are in order. The interior transmission eigenvalue
problem is associated with an isotropic EM medium (Ω\D¯; m, µm, 0) that contains a PEC (perfectly
electric conducting) obstacle D. A similar interior transmission eigenvalue problem arising from
the acoustic scattering governed by the Helmholtz system associated with an isotropic acoustic
medium containing an impenetrable obstacle was considered in [7]. The corresponding result was
applied to the invisibility cloaking study for acoustic waves in [19]. In the current article, we
shall extend those studies to the much more technical and complicated Maxwell system governing
the electromagnetic scattering. We shall first prove the discreteness and existence of the interior
transmission eigenvalues of the system (6). To our best knowledge, those results are new to literature
on the study of interior transmission eigenvalue problems. Then we shall apply the obtained results
to the invisibility cloaking study. The first result we can show concerning the invisibility cloaking
is as follows.
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(Σ; a, µa, σa)
(D\Σ¯; l, µl, σl)
(Ω\D¯; m, µm, 0)
Figure 2: A three-layer cloaking device.
Proposition 1.1. Consider the EM configuration (R3; , µ, σ) in (5) with σm ≡ 0 and (D; c, µc, σc)
replaced to be a PEC obstacle. Let ω ∈ R+ be an interior transmission eigenvalue associated with
(Ω\D¯; m, µm, 0), and (Em,Hm), (E0,H0) be a corresponding pairs of eigenfunctions of (6). For
any sufficiently small ε ∈ R+, by the denseness property of Maxwell-Herglotz functions (cf. (44)),
there exists (Egω,H
g
ω) such that
‖Egω −E0‖H(curl,Ω) < ε, ‖Hgω −H0‖H(curl,Ω) < ε. (7)
Consider the scattering problem (2) by taking the incident electric and magnetic wave fields
Ei = Egω, H
i = Hgω,
then there hold
|E∞(xˆ, (Egω,Hgω), (Ω\D¯; m, µm, 0))| ≤ Cε, ∀ xˆ ∈ S2, (8)
and
|H∞(xˆ, (Egω,Hgω), (Ω\D¯; m, µm, 0))| ≤ Cε, ∀ xˆ ∈ S2, (9)
where C is a positive constant independent of ε and (Egω,H
g
ω).
Proposition 1.1 is kind of a folk-telling result in the literature on the study of interior transmis-
sion eigenvalues, and it shall be needed in our cloaking study.
Motivated by the two-layer cloaking device we then consider a three-layer cloaking device. Let
Σ b D be bounded Lipschitz domain such that D\Σ¯ is connected and consider an EM medium
configuration as follows (see Figure 2),
(R3; , µ, σ) = (Σ; a, µa, σa) ∧ (D\Σ¯; l, µl, σl) ∧ (Ω\D¯; m, µm, 0) ∧ (R3\Ω¯; I3×3, I3×3, 0), (10)
where (Ω\D¯; m, µm, 0) is isotropic and the lossy layer (D\Σ¯; l, µl, σl) is chosen to be
l = α1τ
−1 · I3×3, µl = α2τ · I3×3, σl = α3τ−1 · I3×3,
where τ ∈ R+ is an asymptotically small parameter, and α1, α2, α3 are constants in R+. The target
medium (Σ; a, µa, σa) in the cloaked region Σ can be arbitrary but regular.
For such a cloaking construction, our main theorem is as follows:
Theorem 1.2. Let (R3; , µ, σ) be described in (10). Let ω and (Egω,Hgω) be the same as those
in Proposition 1.1. Consider the scattering system (2) corresponding to (R3; , µ, σ) with Ei =
Egω, Hi = H
g
ω. Then ∀ xˆ ∈ S2 we have
|E∞(xˆ, (Egω,Hgω), (D\Σ¯; l, µl, σl) ∧ (Ω\D¯; m, µm, 0))|
≤ C
(
ε+ τ1/2‖Egω‖H(curl,Ω) + τ1/2‖Hgω‖H(curl,Ω)
)
, (11)
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|H∞(xˆ, (Egω,Hgω), (D\Σ¯; l, µl, σl) ∧ (Ω\D¯; m, µm, 0))|
≤ C
(
ε+ τ1/2‖Egω‖H(curl,Ω) + τ1/2‖Hgω‖H(curl,Ω)
)
, (12)
where C is positive constant independent of ε, τ, (Egω,H
g
ω) and a, µa, σa.
By Theorem 1.2, the cloaking layer (D\Σ¯; l, µl, σl)∧(Ω\D¯; m, µm, 0) makes an arbitrary object
located in the cloaked region Σ nearly invisible to the wave interrogation by (Egω,H
g
ω).
The rest of the paper is organized as follows. In section 2, we introduce the interior transmission
eigenvalue problem for inhomogeneous media containing obstacles, and derive its variational form.
In section 3, we investigate the spectral property of the interior transmission eigenvalue problem.
We prove the discreteness and the existence of the interior transmission eigenvalues. In section 4, we
introduce the Maxwell-Herglotz approximation. In section 5, we consider the isotropic invisibility
cloaking, and establish the near-invisibility results. This paper is ended with a short discussion.
2 Interior transmission eigenvalue problem for inhomogeneous me-
dia containing obstacles
2.1 Physical background of the interior transmission eigenvalue problem
Let us consider the EM configuration (5). We assume that σm = 0 and first consider the case
that (D; c, µc, σc) is replaced by a PEC obstacle. Then the scattering problem is described by the
following Maxwell system for (E,H) ∈ H(curl,R3\D¯)
curl E(x)− iωµmH(x) = 0 in Ω\D¯,
curl H(x) + iωmE(x) = 0 in Ω\D¯,
curl E(x)− iωH(x) = 0 in R3\Ω¯,
curl H(x) + iωE(x) = 0 in R3\Ω¯,
ν ×E = 0 on ∂D,
E−Ei,H−Hi satisfy the Silver-Mu¨ller radiation condition,
(13)
where ν is the unit outward normal vector to boundary ∂D. By straightforward manipulations, we
can also write the Maxwell system (13) in terms of E ∈ H2(curl,R3\D¯) as follows,
curl curl E(x)− ω2n(x)E(x) = 0 in Ω\D¯,
curl curl E(x)− ω2E(x) = 0 in R3\Ω¯,
ν ×E(x) = 0 on ∂D,
E−Ei satisfies the Silver-Mu¨ller radiation condition,
(14)
where n(x) := µm(x)m(x) > 0. Let E
s = E − Ei and E∞ signify the corresponding scattered
wave field and the far-field pattern, respectively. If perfect invisibility is achieved for the scattering
system (14), namely, E∞(xˆ, (Ei,Hi), (Ω; , µ, σ)) ≡ 0, then one has that
Es(x) = 0 for x ∈ R3\Ω¯. (15)
By using the standard transmission conditions across ∂Ω for the solution E and H, one has
ν ×E|− = ν ×E|+ and ν ×H|− = ν ×H|+ on ∂Ω, (16)
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where
ν ×E|±(x) := lim
h→+0
ν ×E(x± hν(x)), x ∈ ∂Ω,
ν ×H|±(x) := lim
h→+0
ν ×H(x± hν(x)), x ∈ ∂Ω.
The second condition in (16) can also be written as
ν × µ−1m curl E|− = ν × curl E|+ on ∂Ω.
We assume that the the magnetic permeability µm = I3×3 in Ω\D¯. The above condition becomes
ν × curl E|− = ν × curl E|+ on ∂Ω.
Applying (15) to (16) and by setting Em(x) := E(x) for x ∈ Ω\D¯ and E0(x) := Ei(x) for x ∈ Ω,
one can readily show that if perfect invisibility is achieved, then the following interior transmission
eigenvalue problem
curl curl Em − ω2n(x)Em = 0 in Ω\D¯,
curl curl E0 − ω2E0 = 0 in Ω,
ν ×Em = 0 on ∂D,
ν ×Em = ν ×E0, ν × curl Em = ν × curl E0 on ∂Ω
(17)
has nontrivial solutions, where n(x) = m. Note that the interior transmission eigenvalue problem
(17) is non-self adjoint. The equivalent interior transmission eigenvalue system of (17) for the pair
(E,H) is (6).
2.2 Variational formulation of the interior transmission eigenvalue problem
In this subsection we are going to derive the variational form of the interior transmission problem
(17).
Let E˜ =: Em −E0 in Ω\D¯. By the first and second identities in (17) we have that E˜ satisfies
curl curl E˜− ω2nE˜ = ω2(n− 1)E0 in Ω\D¯. (18)
We also get the boundary conditions
ν × E˜ = 0, ν × curl E˜ = 0 on ∂Ω,
and
ν × E˜ = −ν ×E0 on ∂D.
Then the interior transmission problem (17) can be reformulated in terms of E˜ and E0 as follows:
curl curl E˜− ω2nE˜ = ω2(n− 1)E0 in Ω\D¯,
curl curl E0 − ω2E0 = 0 in Ω,
ν × E˜ = −ν ×E0 on ∂D,
ν × E˜ = 0, ν × curl E˜ = 0 on ∂Ω,
With continuity of the data ν ×E0 and ν × curl E0 across ∂D, we have from (18) that
ν ×
( 1
ω2
(n− 1)−1(curl curl− ω2n)E˜
)∣∣∣
+
= ν ×E0|− on ∂D, (19)
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and
ν × curl
( 1
ω2
(n− 1)−1(curl curl− ω2n)E˜
)∣∣∣
+
= ν × curl E0|− on ∂D. (20)
Multiplying both sides of (18) by (n−1)−1 and applying operator (curl curl−ω2) on both sides,
we get a fourth order equation for E˜ in Ω\D¯:
(curl curl− ω2)(n− 1)−1(curl curl− ω2n)E˜ = 0 in Ω\D¯.
Note that E˜ is only defined in Ω\D¯. We define
E =
{
E˜ in Ω\D¯,
−E0 in D.
Then E ∈W , where W is defined by
W :=
{
E ∈ H0(curl,Ω) : curl curl E|Ω\D¯ ∈ L2(Ω\D¯)
}
,
which is equipped with the norm
‖E‖2W = ‖E‖2H(curl,Ω) + ‖curl curl E‖2L2(Ω\D¯). (21)
Now we are able to formulate a fourth order system of E ∈W as follows,
(curl curl− ω2)(n− 1)−1(curl curl− ω2n)E = 0 in Ω\D¯,
curl curl E− ω2E = 0 in D,
ν ×E|+ = ν ×E|− on ∂D,
ν ×
(
1
ω2
(n− 1)−1(curl curl− ω2n)E
) ∣∣∣
+
= −ν ×E|− on ∂D,
ν × curl
(
1
ω2
(n− 1)−1(curl curl− ω2n)E
) ∣∣∣
+
= −ν × curl E|− on ∂D,
ν ×E = 0, ν × curl E = 0 on ∂Ω.
(22)
Take a test vector function Φ ∈W . Multiplying the first equation in (22) by Φ¯ we have
0 =
∫
Ω\D¯
(curl curl− ω2)(n− 1)−1(curl curl− ω2n)E · Φ¯ dx. (23)
Denote
Ψ = (n− 1)−1(curl curl− ω2n)E in Ω\D¯. (24)
With the aid of the vector identity
curl curl E = −∆E +∇div E, (25)
by Green’s second vector theorem, together with the boundary conditions in (22), equation (23)
becomes
0 =
∫
Ω\D¯
Ψ · (curl curl− ω2)Φ dx−
∫
∂D
(
ν ×Ψ · curl Φ− curl Ψ · ν ×Φ) ds. (26)
By (24), the fourth and fifth transmission conditions in (22) can be written in terms of
ν ×Ψ|+ = −ω2ν ×E|−, ν × curl Ψ|+ = −ω2ν × curl E|− on ∂D.
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Use the above boundary conditions, (26) becomes
0 =
∫
Ω\D¯
(n− 1)−1(curl curl E− ω2E) · (curl curl Φ− ω2Φ) dx−
∫
Ω\D¯
ω2E · curl curl Φ dx
+
∫
Ω\D¯
ω4E · Φ¯ dx+ ω2
∫
∂D
(
ν ×E|− · curl Φ + ν × curl E|− · Φ¯
)
ds.
By Green’s first vector theorem, and with the aid of the vector identity (25), we obtain
0 =
∫
Ω\D¯
(n− 1)−1(curl curl E− ω2E) · (curl curl Φ− ω2Φ) dx
− ω2
∫
Ω
curl E · curl Φ dx+ ω4
∫
Ω
E · Φ¯ dx.
Therefore, the variational formulation of the interior transmission problem (22) becomes: find
E ∈W such that∫
Ω\D¯
(n− 1)−1(curl curl E− ω2E) · (curl curl Φ− ω2Φ) dx
− ω2
∫
Ω
curl E · curl Φ dx+ ω4
∫
Ω
E · Φ¯ dx = 0, (27)
for all Φ ∈W . By taking appropriate test function it is easy to see that a solution of the variational
problem (27) defines a week solution to (22) and therefore to the interior transmission problem (17).
3 Spectral property of the interior transmission eigenvalue prob-
lem
In this section, we investigate the spectral property of the interior transmission eigenvalue problem
(17). We prove the discreteness and the existence of the interior transmission eigenvalues by
considering n− 1 < 0 in Ω\D¯ and n− 1 > 0 in Ω\D¯, respectively.
3.1 Discreteness of the spectrum when n− 1 < 0
Theorem 3.1. Assume that n(x) − 1 < 0 in Ω\D¯. And moreover, n(x) = m(x) satisfies
‖∇n(x)/n(x)‖L∞(Ω\D¯)  1. Then the set of transmission eigenvalues is discrete.
Proof. Suppose n(x)− 1 < 0 in Ω\D¯. We define two sesquilinear forms on W ×W :
Aω(E,Φ) = −
∫
Ω\D¯
(n− 1)−1(curl curl E− ω2E) · (curl curl Φ− ω2Φ) dx
+ ω2
∫
Ω
curl E · curl Φ dx+ ω4
∫
Ω
E · Φ¯ dx
and
B(E,Φ) = 2
∫
Ω
E · Φ¯ dx,
where W is defined by (21). Then the variational form (27) of the interior transmission is equivalent
to
Find E ∈W such that
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Aω(E,Φ)− ω4B(E,Φ) = 0 for all Φ ∈W.
By the Riesz representation theorem there exist two bounded linear operators Aω : W → W and
B : W →W such that
(AωE,Φ)W := Aω(E,Φ) and (BE,Φ)W := B(E,Φ).
By Lemma 3.2 and 3.3 in the sequel we have Aω is coercive and B is compact. Hence the
operator Aω − ω4B is Fredholm with index zero. The transmission eigenvalues are the values of
ω > 0 for which I− ω4A−1ω B has a nontrivial kernel. To apply the analytic Fredholm theorem, it
remains to show that I− ω4A−1ω B or Aω − ω4B is injective for at least one ω.
For all E ∈W we have that
Aω(E,E)− ω4B(E,E)
=
∫
Ω\D¯
(1− n)−1|curl curl E− ω2E|2 dx+ ω2‖curl E‖2L2(Ω) − ω4‖E‖2L2(Ω). (28)
The Poincare´ inequality gives us that:
‖E‖2L2(Ω) ≤ C
(
‖curl E‖2L2(Ω) + ‖div E‖2L2(Ω)
)
, (29)
for all E satisfies ν ×E = 0 on ∂Ω, where constant C is independent of E (see [22]).
We observe from (17) that div E = 0 in D, then, for all E ∈W we have from (28) that
Aω(E,E)− ω4B(E,E) ≥ ω2(1− ω2C)‖curl E‖2L2(Ω) − ω4C‖div E‖2L2(Ω\D¯). (30)
Since E = Em − E0 and div E0 = 0 in Ω\D¯, we have div E = div Em. From (17) we can see that
div (nEm) = 0 in Ω\D¯. Due to the identity div (nEm) = n(div Em) +∇n ·Em in Ω\D¯, we have
‖div E‖L2(Ω\D¯) = ‖div Em‖L2(Ω\D¯) ≤ ‖∇n(x)/n(x)‖L∞(Ω\D¯)‖Em‖L2(Ω\D¯).
If ‖∇n(x)/n(x)‖L2(Ω\D¯)  1, then it follows from (30) that Aω(E,E)−ω2B(E,E) > 0 for all ω > 0
such that ω <
√
1/C. Hence Aω−ω2B is injective for such ω and the analytical Fredholm theorem
implies that the set of transmission eigenvalues is discrete.
Lemma 3.2. The operator Aω is coercive.
Proof. Taking specific Φ = E ∈W , we have
(AωE,E)W =
∫
Ω\D¯
(1− n)−1|curl curl E− ω2E|2 dx+ ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(Ω)
=
∫
Ω\D¯
(1− n)−1(|curl curl E|2 − 2Re{ω2E · curl curl E}+ ω4|E|2) dx
+ ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(Ω). (31)
Denote n− = infx∈Ω\D¯ n(x), and n+ = supx∈Ω\D¯ n(x). We assume 0 < n− < n(x) < n+ < 1 for
x ∈ Ω\D¯. Set γ = 11−n− . Using the equality
γX2 − 2γXY + (1 + γ)Y 2 = δ
(
Y − γ
δ
X
)2
+
(
γ − γ
2
δ
)
X2 + (1 + γ − δ)Y 2, (32)
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for X = ‖curl curl E‖L2(Ω\D¯), Y = ω2‖E‖L2(Ω\D¯) and arbitrary δ > 0, (31) becomes
(AωE,E)W ≥ γ‖curl curl E‖2L2(Ω\D¯) − 2ω2γ‖curl curl E‖L2(Ω\D¯)‖E‖L2(Ω\D¯)
+ ω4(1 + γ)‖E‖2L2(Ω\D¯) + ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(D)
≥
(
γ − γ
2
δ
)
‖curl curl E‖2L2(Ω\D¯) + ω4(1 + γ − δ)‖E‖2L2(Ω\D¯) + ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(D),
where γ < δ < γ + 1. For such an δ, we conclude that there exists a constant C > 0 such that
(AωE,E)W ≥ C‖E‖2W
for all E ∈W which proves that Aω : W →W is coercive.
Lemma 3.3. The operator B is compact on W .
Proof. From the Cauchy-Schwarz inequality we have that
|(BE,Φ)W | ≤ 2‖E‖L2(Ω)‖Φ‖L2(Ω).
As a consequence, we have
‖BE‖W = sup
Φ∈W,Φ6=0
|(BE,Φ)W |
‖Φ‖W ≤ 2‖E‖L2(Ω),
for every E ∈W . Thus B appears as a continuous operator from L2(Ω) into W . It is easy to check
that under the assumption that ‖∇n(x)/n(x)‖L2(Ω\D¯)  1, W is a subspace of H(curl, div n; Ω),
see B.1 in [17], where the compactness of embedding of H(curl,div n; Ω)(under boundary condition
ν ×E = 0 on ∂Ω) into L2(Ω) has been shown to be compact.
From the proof of the previous theorem, we deduce a lower bound for the first transmission
eigenvalue when n− 1 is negative in Ω\D¯, that is, ω ≥√1/C, where C is the constant in (29).
3.2 Existence of the interior transmission eigenvalues when n− 1 < 0
In this subsection, we prove the existence of transmission eigenvalues following [7, 8] where the
acoustic wave was considered.
If we consider the generalized eigenvalue problem
AωE− λ(ω)BE = 0, E ∈W, (33)
which is known to have an infinite sequence of eigenvalues λj(ω), j ∈ N. The proof of the existence
of transmission eigenvalues makes use of the following theorem shown in [9].
Theorem 3.4. Let τ → Aτ be a continuous mapping from (0,∞) to the set of self-adjoint and
positive definite bounded linear operator on W and let B be a self-adjoint and non-negative compact
bounded linear operator on W . We assume that there exists two positive constants τ0 > 0 and τ1 > 0
such that
1. Aτ0 − τ0B is positive on W ,
2. Aτ1 − τ1B is non-positive on a m-dimensional subspace of W .
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Then each of the equations λj(τ) = τ for j = 1, . . . ,m, has at least one solution in [τ0, τ1] where
λj(τ) is the j
th eigenvalue (counting multiplicity) of Aω with respect to B, i.e., ker (Aτ−λj(τ)B) 6=
{0}.
Suppose n − 1 < 0 in Ω\D¯, then the transmission eigenvalues are the solutions λj(ω) = ω4 of
(33), j ∈ N. The existence of the interior eigenvalues is given in the following theorem.
Theorem 3.5. If n− 1 < 0 in D, then there exists an infinite discrete set of transmission eigen-
values.
Proof. In the proof of Theorem 3.1 we have shown that for ω <
√
1/C, where C is given in (29),
Aω0 − ω40B is positive in W . Hence, the first assumption in Theorem 3.4 is satisfied. Now we try
to find ω1 such that the second assumption is also satisfied.
Let Bjr , j = 1, . . . ,M(r), be M(r) disjoint balls of radius r included in Ω\D¯. We denote
by ω1 the first transmission eigenvalue corresponding to the interior transmission problem for B
j
r
for all j = 1, . . . ,M(r) with index of refraction n+ which is known to exist [11], where n+ :=
supx∈Ω\D¯ n(x). Let Ej ∈ H20 (curl, Bjr), j = 1, . . . ,M(r), be the corresponding eigenvector which
satisfies ∫
Bjr
1
1− n+ (curl curl Ej − ω
2
1n
+Ej) · (curl curl Φ− ω21Φ) dx = 0 (34)
for all Φ ∈ H20 (curl, Bjr). We denote by E0j ∈ H20 (curl,Ω) the extension of Ej by zero to the whole
of Ω and we define a M(r)-dimensional subspace of W by V := span{E0j , 1 ≤ j ≤M(r)}. Since for
j 6= m, E0j and E0m have disjoint support, for E =
∑j=M(r)
j=1 αjE
0
j ∈ V , we have
Aω1(E,E)− ω21B(E,E)
=
M(r)∑
j=1
|αj |2
(∫
Ω\D¯
(1− n)−1|curl curl E0j − ω21E0j |2 dx+ ω21
∫
Ω
|curl E0j |2 dx− ω41
∫
Ω
|E0j |2 dx
)
=
M(r)∑
j=1
|αj |2
(∫
Bjr
(1− n)−1|curl curl Ej − ω21Ej |2 dx+ ω21
∫
Bjr
|curl Ej |2 dx− ω41
∫
Bjr
|Ej |2 dx
)
≤
M(r)∑
j=1
|αj |2
( 1
1− n+
∫
Bjr
|curl curl Ej − ω21Ej |2 dx+ ω21
∫
Bjr
|curl Ej |2 dx− ω41
∫
Bjr
|Ej |2 dx
)
. (35)
By Green’s first vector theorem, we have
Re
{∫
Bjr
curl curl Ej · E¯j dx
}
=
∫
Bjr
|curl Ej |2 dx− Re
{∫
∂Bjr
curl Ej · ν ×Ej ds
}
.
Since ν ×Ej = 0 on ∂Bjr , then following equality holds∫
Bjr
|curl Ej |2 dx = Re
{∫
Bjr
curl curl Ej · E¯j dx
}
. (36)
Substituting (36) into (35), together with (34), we have
Aω1(E,E)− ω21B(E,E)
≤
M(r)∑
j=1
|αj |2
(∫
Bjr
1
1− n+ (curl curl Ej − ω
2
1n
+Ej) · (curl curl Ej − ω21Ej) dx
)
= 0.
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Hence, the second assumption in Theorem 3.4 is satisfied.
Thus, we conclude that there exist M(r) transmission eigenvalues in (
√
1/C, ω1]. Letting r → 0,
we have that M(r)→∞ and thus we can now deduce that there exists an infinite set of transmission
eigenvalues.
3.3 Discreteness of the spectrum when n− 1 > 0
Theorem 3.6. Assume that n(x)− 1 > 0 for x ∈ Ω\D¯. Then the set of transmission eigenvalues
is discrete.
Proof. Suppose n(x)− 1 > 0 for x ∈ Ω\D¯. Define sesquilinear forms
Fω(E,Φ) =
∫
Ω\D¯
(n− 1)−1(curl curl E− ω2E) · (curl curl Φ− ω2Φ) dx
+ ω2
∫
Ω
curl E · curl Φ dx+ ω4
∫
Ω
E · Φ¯ dx,
and
Gω(E,Φ) = 2
∫
Ω
curl E · curl Φ dx.
Then the variational form (27) of the interior transmission problem becomes: find E ∈ W such
that
Fω(E,Φ)− ω2G(E,Φ) = 0 for all Φ ∈W.
By the Riesz representation theorem there exist two bounded linear operators Fω : W → W and
G : W →W such that
(FωE,Φ)W := Fω(E,Φ) and (GE,Φ)W := G(E,Φ).
The operator G is compact which has been shown in (Lemma 3.4, [16]). Suppose Fω is coercive,
whose proof will be given in lemma 3.7. Then the operator Fω−ω2G is Fredholm with index zero.
The transmission eigenvalues are the values of ω > 0 for which I−ω2F−1ω G has a nontrivial kernel.
To apply the analytic Fredholm theorem, it remains to show that I − ω2F−1ω G or Fω − ω2G is
injective for at least one ω.
For all E ∈W we have that
Fω(E,E)− ω2G(E,E) =
∫
Ω\D¯
(n− 1)−1
(
|curl curl E|2 − 2Re{ω2E · curl curl E}+ ω4|E|2) dx
− ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(Ω). (37)
The Poincare´ inequality (29) of curl E gives us that:
‖curl E‖2L2(Ω) ≤ C1‖curl curl E‖2L2(Ω) (38)
for all E satisfies ν × curl E = 0 on ∂Ω, where constant C1 is independent of E. Since curl curl E =
13
ω2E in D from (22), then (37) becomes
Fω(E,E)− ω2G(E,E) ≥
∫
Ω\D¯
(n− 1)−1
(
|curl curl E|2 − 2Re{ω2E · curl curl E}+ ω4|E|2) dx
− ω2C1‖curl curl E‖2L2(Ω) + ω4‖E‖2L2(Ω)
≥
∫
Ω\D¯
(n− 1)−1
(
|curl curl E|2 − 2Re{ω2E · curl curl E}+ ω4|E|2)dx
− ω2C1‖curl curl E‖2L2(Ω\D¯) + ω4(1− C1ω2)‖E‖2L2(D) + ω4‖E‖2L2(Ω\D¯). (39)
Denote again γ = 1
n+−1 , then (39) becomes
Fω(E,E)−ω2G(E,E) ≥
∫
Ω\D¯
γ
(
(1−C1ω2/γ)|curl curl E|2−2Re
{
ω2E · curl curl E}+ω4|E|2) dx
+ ω4(1− C1ω2)‖E‖2L2(D) + ω4‖E‖2L2(Ω\D¯). (40)
Suppose 1− C1ω2/γ ≥ 0, then (40) becomes
Fω(E,E)− ω2G(E,E) ≥
∫
Ω\D¯
γ
∣∣∣√1− C1ω2/γcurl curl E− 1√
1− C1ω2/γ
ω2E
∣∣∣2 dx
+ (1− C1ω2(1 + 1/γ))ω4‖E‖2L2(Ω\D¯) + ω4(1− C1ω2)‖E‖2L2(D).
Therefore, we deduce that Fω(E,E)− ω2G(E,E) > 0 under the condition that
0 ≤ ω2 ≤ γ
γ + 1
1
C1
,
and hence Fω − ω2G is injective. Hence, the analytical Fredholm theorem implies that the set of
transmission eigenvalues is discrete and from the analyticity with +∞ the only possible accumu-
lating point.
Lemma 3.7. Fω is coercive.
Proof. Taking Φ = E ∈W , we have
(FωE,E)W =
∫
Ω\D¯
(n− 1)−1|curl curl E− ω2E|2 dx+ ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(Ω)
=
∫
Ω\D¯
(n− 1)−1(|curl curl E|2 − 2Re{ω2E · curl curl E}+ ω4|E|2) dx
+ ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(Ω). (41)
Denote n− = infΩ\D¯ n(x), and n+ = supΩ\D¯ n(x). We assume n+ > n(x) > n− > 1 for
x ∈ Ω\D¯. Set γ = 1
n+−1 . Using inequality (32) we have from (41) that
(FωE,E)W ≥ γ‖curl curl E‖2L2(Ω\D¯) − 2ω2γ‖curl curl E‖L2(Ω\D¯)‖E‖2L2(Ω\D¯)
+ ω4(1 + γ)‖E‖2L2(Ω\D¯) + ω2‖curl E‖2L2(Ω) + ω4‖E‖L2(D)
≥
(
γ − γ
2
δ
)
‖curl curl E‖2L2(Ω\D¯) + ω4(1 + γ − δ)‖E‖2L2(Ω\D¯) + ω2‖curl E‖2L2(Ω) + ω4‖E‖2L2(D),
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where γ < δ < γ + 1. For such an δ, we conclude that there exists a constant C > 0 such that
(FωE,E)W ≥ C‖E‖2W
for all E ∈W which proves that Fω : W →W is coercive.
From the previous theorem, we deduce a lower bound for the first transmission eigenvalue when
n− 1 is positive in Ω\D¯, that is, ω >
√
γ
γ+1
1
C1
where C1 is the constant given in (38).
3.4 Existence of the interior transmission eigenvalues when n− 1 > 0
Suppose n− 1 > 0 in Ω\D¯, then the transmission eigenvalues are the solutions λj(ω) = ω2 of (33),
j ∈ N. The existence of the interior eigenvalues is given in the following theorem. The proof of the
existence of transmission eigenvalues again makes use of Theorem 3.4.
Theorem 3.8. Assume that n(x) > 1 for x ∈ Ω\D¯. There exists an infinite discrete set of
transmission eigenvalues.
Proof. The proof is exactly an analogue of Theorem 3.5. Let τ = ω2. We have seen from Theorem
3.6 that if 0 ≤ ω2 ≤ γγ+1 1C1 , then Fω0 − ω20G is positive in W . Hence, the first assumption in
Theorem 3.4 is satisfied. Now we try to find ω1 such that the second assumption is also satisfied.
Let Bjr , j = 1, . . . ,M(r), be M(r) balls of radius r included in Ω\D¯. We denote by ω2 the
first transmission eigenvalue corresponding to the interior transmission problem for Bjr for all
j = 1, . . . ,M(r) with index of refraction n− which is known to exist [11], where n− := infx∈Ω\D¯ n(x).
Let Ej ∈ H20 (curl, Bjr), j = 1, . . . ,M(r), be the corresponding eigenvector which satisfies∫
Bjr
1
n− − 1(curl curl Ej − ω
2
2n−Ej) · (curl curl Φ− ω22Φ) dx = 0, (42)
for all Φ ∈ H20 (curl, Bjr). We denote by E0j ∈ H20 (curl,Ω) the extension of Ej by zero to the whole
of Ω and we define a M(r)-dimensional subspace of W by V := span{E0j , 1 ≤ j ≤M(r)}. Since for
j 6= m, E0j and E0m have adjoint support, for E =
∑j=M(r)
j=1 βjE
0
j ∈ V , we have
Fω2(E,E)− ω22G(E,E)
=
M(r)∑
j=1
|βj |2
(∫
Ω\D¯
(n− 1)−1|curl curl E0j − ω22E0j |2 dx− ω22
∫
Ω
|curl E0j |2 dx+ ω42
∫
Ω
|E0j |2 dx
)
=
M(r)∑
j=1
|βj |2
(∫
Bjr
(n− 1)−1|curl curl Ej − ω22Ej |2 dx− ω22
∫
Bjr
|curl Ej |2 dx+ ω42
∫
Bjr
|Ej |2 dx
)
≤
M(r)∑
j=1
|βj |2
( 1
n− − 1
∫
Bjr
|curl curl Ej − ω22Ej |2 dx− ω22
∫
Bjr
|curl Ej |2 dx+ ω42
∫
Bjr
|Ej |2 dx
)
. (43)
Substituting (36) into (43), together with (42), we have
Fω2(E,E)− ω22G(E,E)
≤
M(r)∑
j=1
|βj |2
(∫
Bjr
1
n− − 1(curl curl Ej − ω
2
2n−Ej) · (curl curl Ej − ω22Ej) dx
)
= 0.
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Hence, the second assumption in Theorem 3.4 is satisfied.
Thus, we conclude that there exist M(r) transmission eigenvalues in [
√
γ
γ+1
1
C1
, ω2). Letting
r → 0, we have that M(r) → ∞ and thus we can now deduce that there exists an infinite set of
transmission eigenvalues.
4 Interior transmission eigenvalue problem and Maxwell-Herglotz
approximation
In this section, we shall find some important applications of the interior transmission problem
(6) to invisibility cloaking. According to the discussion in the introduction, if perfect invisibility is
obtained for the scattering system (13), then one has the eigenfunctions for the interior transmission
eigenvalue problem (6). However, the converse is not necessarily true unless the eigenfunctions
(E0,H0) can be smoothly extended from Ω to R3. Nevertheless, we shall show that near invisibility
can still be achieved under certain circumstances. To this end, we first need to extend the interior
transmission eigenfunctions (E0,H0) ∈ H(curl,Ω)×H(curl,Ω) in (6) to the whole space R3 by the
so-called Maxwell-Herglotz approximation to form an incident electric wave field for (13). Define
Egω(x) :=
∫
S2
eiωx·dg(d) ds(d), g ∈ L2(S2), Hgω(x) :=
1
iω
curl Egω(x), x ∈ R3. (44)
Egω,H
g
ω are called the Maxwell-Herglotz wave functions. We have from [24] the following theorem.
Theorem 4.1. Suppose Ω is a domain of class C0,1, and ω is not a PEC eigenvalue of the Maxwell’s
equations in Ω. Let Hω denote the space of all Maxwell-Herglotz functions of the form (44) restricted
for x ∈ Ω, and
Wω(Ω) := {(E,H) ∈ L2(Ω)× L2(Ω) : curl E− iωH = 0, curl H + iωE = 0}
denote the space of all solutions of the Maxwell’s equations in Ω. Then Hω is dense in Wω(Ω) with
respect to the norm ‖ · ‖H(curl,Ω).
Starting from now and throughout the rest of the paper, we assume that Ω is of class C0,1. In the
context of the Maxwell system (6), an interior transmission eigenvalue ω is called a non-scattering
“energy” if the interior transmission eigenfunctions (E0,H0) happen to be a pair of Maxwell-
Herglotz fields of the form (44). It can be easily shown that if ω is a non-scattering “energy”, and
one uses the corresponding pair of eigenfunctions (E0,H0) as the incident electric field to impinge
on device (Ω; , µ, σ), then far-field pattern generated will be identically vanishing. Next, we shall
show that every interior transmission eigenvalue ω is a nearly non-scattering “energy”.
Now we present the proof of Proposition 1.1 of this paper which connects the interior transmis-
sion eigenvalue problem (6) to the invisibility cloaking.
Proof of Proposition 1.1. Since ω ∈ R+ is an interior transmission eigenvalue associated with
(Ω\D¯; m, µm, 0) and (Em,Hm), (E0,H0) are the corresponding eigenfunctions, we see from (17)
that 
curl curl Em − ω2n(x)Em = 0 in Ω\D¯,
curl curl E0 − ω2E0 = 0 in Ω,
ν ×Em = 0 on ∂D,
ν ×Em = ν ×E0, ν × curl Em = ν × curl E0 on ∂Ω.
(45)
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For any sufficiently small ε ∈ R+, by the denseness property of Maxwell-Herglotz equations,
there exists (Egω,H
g
ω) such that
‖Egω −E0‖H(curl,Ω) < ε, ‖Hgω −H0‖H(curl,Ω) < ε.
Let (Egω,H
g
ω) be the incident electromagnetic wave on (Ω\D¯; m, µm, 0), and (Esω,Hsω) be the
corresponding scattered wave. Then the total wave Eω satisfy
curl curl Eω − ω2n(x)Eω = 0 in R3\D¯,
ν ×Eω = 0 on ∂D,
Esω satisfy the Silver-Mu¨ller radiation condition,
where n(x) = (x) in Ω\D¯ and n(x) = 1 in R3\Ω¯.
Set
Es =
{
Em −E0 in Ω\D¯,
0 in R3\Ω¯. (46)
Then we have 
curl curl Es − ω2n(x)Es = ω2(n(x)− 1)E0 in R3\D¯,
ν ×Es = −ν ×E0 on ∂D,
Es satisfy the Silver-Mu¨ller radiation condition.
(47)
On the other hand,
curl curl Esω − ω2n(x)Esω = ω2(n(x)− 1)Egω in R3\D¯,
ν ×Esω = −ν ×Egω on ∂D,
Esω satisfy the Silver-Mu¨ller radiation condition.
(48)
Subtracting (48) from (47), we have
curl curl (Es −Esω)− ω2n(x)(Es −Esω) = ω2(n(x)− 1)(E0 −Egω) in R3\D¯,
ν × (Es −Esω) = −ν × (E0 −Egω) on ∂D,
Es −Esω satisfy the Silver-Mu¨ller radiation condition.
(49)
By the well-posedness of (49), (see for example, [17, 20]), we have the following estimate
‖Es −Esω‖H(curl,R3\D¯) ≤ C1‖E0 −Egω‖H(curl,Ω\D¯) + C2‖ν × (E0 −Egω)‖TH−1/2Div (∂D),
where C1 and C2 are positive constants depending only on ω, m, µm and Ω, D. It follows from (7)
and the Sobolev trace theorem that
‖Es −Esω‖H(curl,R3\D¯) ≤ C3ε,
where C3 is a positive constant depending only on ω, m, µm and Ω, D. Consequently, one has
‖ν × (Es −Esω)‖TH−1/2Div (∂Ω) ≤ Cε, (50)
where C is a positive constant depending only on ω, m, µm and Ω, D. Therefore, by (46) and the
well-posedness of the scattering problem from a perfectly conducting electric obstacle, one has (8).
Inequality (9) follows immediately from (8) since H∞ = ν ×E∞ on S2.
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Let TΩ\D¯ ⊂ R denote the set of all the interior transmission eigenvalues of (6) associated with
(Ω\D¯; m, µm, 0), and set
WΩ\D¯;m,µm,0 :=
⋃
ω∈TΩ\D¯
{
(E0,H0) : (Em,Hm), (E0,H0) ∈ H(curl,Ω\D¯)×H(curl,Ω) are a pair of
interior transmission eigenfunctions of (6) corresponding to ω associated with (Ω\D¯; m, µm, 0)
}
.
Clearly, WΩ\D¯;m,µm,0 is a subspace of W (Ω) := ∪ω∈R+Wω(Ω). For a sufficiently small ε ∈ R+, we
let
HεΩ\D¯;m,µm,0 ⊂ H(Ω) := ∪ω∈R+Hω(Ω)
be an ε-net of WΩ\D¯;m,µm,0 in the norm ‖ · ‖H(curl,Ω). By Proposition 1.1, one clearly has that
Theorem 4.2. For any (Egω,H
g
ω) ∈ HεΩ\D¯;m,µm,0 associated with an interior transmission eigen-
value ω ∈ TΩ\D¯, then there holds
|E∞(xˆ, (Egω,Hgω), (Ω\D¯; m, µm, 0))| ≤ Cε, |H∞(xˆ, (Egω,Hgω), (Ω\D¯; m, µm, 0))| ≤ Cε, ∀xˆ ∈ S2,
where C is a positive constant depending only on ω, m, µm and Ω, D.
Therefore, by Theorem 4.2, the cloaked PEC obstacleD together with the coating (Ω\D¯; m, µm, 0)
is nearly invisible to the wave interrogation for any incident field from Hε
Ω\D¯;m,µm,0 .
5 Isotropic invisibility cloaking with a lossy layer
In this section, we consider a more realistic cloaking construction other than assuming that the
cloaked region D is insulating. The cloaking device takes a three-layer structure with a cloaked
region, a lossy layer and a cloaking shell medium (see Figure 2). The target medium in the cloaked
region can be arbitrary but regular, whereas the media in the lossy layer and the cloaking shell are
both non-singular and isotropic.
Consider the following exterior Maxwell system
∇×E0(x)− iωH0(x) = 0 in R3\Ω¯,
∇×H0(x) + iωE0(x) = 0 in R3\Ω¯,
ν ×E0 = f on ∂Ω,
E0,H0 satisfy the Silver-Mu¨ller radiation condition.
(51)
Define the exterior boundary impedance map as
Λe,ωΩ (ν ×E0|∂Ω) = ν ×H0|∂Ω : TH−1/2Div (∂Ω)→ TH−1/2Div (∂Ω), (52)
Since the exterior scattering problem (51) is well-posed, one clearly has that Λe,ωΩ is well-defined
and moreover, it is invertible.
Let Σ b D be a domain of Lipschitz class. Let τ ∈ R+ be an asymptotically small parameter.
Set
l = α1τ
−1 · I3×3, µl = α2τ · I3×3, σl = α3τ−1 · I3×3,
where α1, α2, α3 are constants in R+. Consider an electromagnetic medium configuration mentioned
in the introduction section as follows:
(R3; , µ, σ) = (Σ; a, µa, σa) ∧ (D\Σ¯; l, µl, σl) ∧ (Ω\D¯; m, µm, 0) ∧ (R3\Ω¯; I3×3, I3×3, 0), (53)
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where (Σ; a, µa, σa) is a regular electromagnetic medium (see Figure 2). Then, we present the
proof for the main Theorem 1.2.
Proof of Theorem 1.2. Let us consider the scattering system (2) corresponding to (R3, , µ, σ) de-
scribed in (53). We prove Theorem 1.2 in the following four steps.
Step 1: It is first noted that (E,H) ∈ H(curl,Ω) satisfies the following Maxwell system{
curl E(x)− iωµ(x)H(x) = 0, x ∈ Ω,
curl H(x) + iω(x)E(x) = σ(x)E(x), x ∈ Ω, (54)
Using integration by parts, one can calculate as follows∫
Ω
σE · E¯ dx =
∫
Ω
(
curl H + iωE
) · E¯ dx
=
∫
Ω
H · (curl E)−
∫
∂Ω
H · (ν ×E) ds+ iω
∫
Ω
E · E¯ dx
= −iω
∫
Ω
µH · H¯ dx−
∫
∂Ω
H · (ν ×E) ds+ iω
∫
Ω
E · E¯ dx.
(55)
By taking the real parts of both sides of (55), we have∫
Ω
σE · E¯ dx = −Re
{∫
∂Ω
H · (ν ×E) ds
}
. (56)
Using
E = Ei,ω + Es,ω, H = Hi,ω + Hs,ω,
and
ν ×Hs,ω|∂Ω = Λe,ωΩ (ν ×Es,ω|∂Ω),
one can calculate that∫
∂Ω
H · (ν ×E) ds =
∫
∂Ω
Hi,ω · (ν ×Ei,ω) ds+
∫
∂Ω
(
Λe,ωΩ (ν ×Es,ω)× ν
) · (ν ×Ei,ω) ds
+
∫
∂Ω
Hi,ω · (ν ×Es,ω) ds+
∫
∂Ω
(
Λe,ωΩ (ν ×Es,ω)× ν
) · (ν ×Es,ω) ds. (57)
Using integration by parts and straightforward calculations, one has∫
∂Ω
Hi,ω · (ν ×Ei,ω) ds = iω
∫
Ω
|Ei,ω|2 dx− iω
∫
Ω
|Hi,ω|2 dx. (58)
Clearly, we have ∫
Ω
σE · E¯ dx ≥ α3τ−1‖E‖2L2(D\Σ¯). (59)
Finally, by combining (56)–(59) and using the fact that the skew-symmetric bilinear form
B(j,m) =
∫
∂Ω
j · (m× ν) ds
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defines a non-degenerate duality product on TH
−1/2
Div (∂Ω)× TH−1/2Div (∂Ω) [12], we have
‖E‖2L2(D\Σ¯) ≤ Cτ
(
‖Egω‖H(curl,Ω)‖Λe,ωΩ (ν ×Es,ω)‖TH−1/2Div (∂Ω)
+ ‖Hgω‖H(curl,Ω)‖ν ×Es,ω‖TH−1/2Div (∂Ω) + ‖ν ×E
s,ω‖
TH
−1/2
Div (∂Ω)
‖Λe,ωΩ (ν ×Es,ω)‖TH−1/2Div (∂Ω)
)
, (60)
where C is a positive constant depending only on Ω and α3, ω.
Step 2: We want to show that
‖ν ×E‖
TH
−1/2
Div (∂D)
≤ C‖E‖L2(D\Σ¯), (61)
where C depends only on Ω and α3, ω. We shall make use of the following duality relation [4],
‖ν ×E‖
TH
−1/2
Div (∂D)
= sup
‖ψ‖
TH
−1/2
Curl
(∂Ω)
≤1
∣∣∣ ∫
∂Ω
(ν ×E) ·ψ ds
∣∣∣, (62)
where
TH
−1/2
Curl (∂D) :=
{
U ∈ TH−1/2(∂D) : CurlU ∈ H−1/2(∂D)}.
For any ψ ∈ TH−1/2Curl (∂D), there exists F ∈ H2(curl, D) such that (see Lemma 3.5 in [5])
1. ν × F = 0 on ∂D;
2. ν × ν × curl F = ν × ν ×ψ on ∂D;
3. ‖F‖H2(curl,D) ≤ C‖ψ‖TH−1/2Curl (∂D), where C depends only on D;
4. F = 0 in Σ.
By virtue of the duality relation (62) and using the auxiliary function F, along with the integration
by parts, we have∫
∂D
(ν ×E) · ψ ds =
∫
∂D
(ν ×E) · curl F ds
=
∫
∂D
(ν ×E) · curl F ds−
∫
∂D
(ν × F) · curl E ds
=
∫
D
(curl curl E) · F dx−
∫
D
(curl curl F) ·E dx.
(63)
Noting that in D\Σ¯, one has{
curl E(x)− iωα2τH(x) = 0, x ∈ D\Σ¯,
curl H(x) + iωα1τ
−1E(x) = α3τ−1E(x), x ∈ D\Σ¯,
one has by direct verifications that
curl curl E = iωα2(α3 − iωα1)E in D\Σ¯. (64)
Plug (64) into (63), one has∣∣∣ ∫
∂D
(ν ×E) ·ψ ds
∣∣∣ = ∣∣∣∣iωα2(α3 − iωα1)∫
D
E · F dx−
∫
D
E · (curl curl F) dx
∣∣∣∣
≤ C‖E‖L2(D)‖F‖H2(curl,D)
≤ C‖E‖L2(D)‖ψ‖TH−1/2Curl (∂D),
(65)
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where C depends only on α1, α2, α3 and D. Finally, by combining (62) and (65), one immediately
has (61).
Step 3: By (60) and (61) and the boundedness of the map Λe,wΩ , we have
‖ν ×E‖
TH
−1/2
Div (∂D)
≤ Cτ1/2
(
‖Egω‖1/2H(curl,Ω)‖Λ
e,ω
Ω (ν ×Es,ω)‖1/2TH−1/2Div (∂Ω)
+ ‖Hgω‖1/2H(curl,Ω)‖ν ×E
s,ω‖1/2
TH
−1/2
Div (∂Ω)
+ ‖ν ×Es,ω‖1/2
TH
−1/2
Div (∂Ω)
‖Λe,ωΩ (ν ×Es,ω)‖1/2TH−1/2Div (∂Ω)
)
≤ C1τ1/2
(
‖Egω‖H(curl,Ω) + ‖Hgω‖H(curl,Ω) + ‖ν ×Es,ω‖TH−1/2Div (∂Ω)
)
, (66)
where C1 is another constant depending only on Ω, D and ω, , µ and σ.
Let ω ∈ R+ be an interior transmission eigenvalue associated with (Ω\D¯; m, µm, 0). It is easily
seen that 
curl E− iωµH = 0 in R3\D¯,
curl H + iωE = 0 in R3\D¯,
ν ×E = ν ×E on ∂D,
E = Es,ω + Egω, H = Hs,ω + H
g
ω in R3\D¯,
Es,ω,Hs,ω satisfy the Silver-Mu¨ller radiation condition,
where µ := µmχ(Ω\D¯) + 1χ(R3\Ω¯),  := mχ(Ω\D¯) + 1χ(R3\Ω¯).
We also introduce Es,ωc = Ec −Egω and Hs,ωc = Hc −Hgω satisfying
curl Ec − iωµHc = 0 in R3\D¯,
curl Hc + iωEc = 0 in R3\D¯,
ν ×Ec = 0 on ∂D,
Ec = E
s,ω
c + E
g
ω, Hc = H
s,ω
c + H
g
ω in R3\D¯,
Es,ωc ,E
s,ω
c satisfy the Silver-Mu¨ller radiation condition.
Set
Eˆ = E−Ec and Hˆ = H−Hc in R3\D¯.
Then (Eˆ, Hˆ) satisfies
curl Eˆ− iωµHˆ = 0 in R3\D¯,
curl Hˆ + iωEˆ = 0 in R3\D¯,
ν × Eˆ = ν ×E on ∂D,
Eˆ, Hˆ satisfy the Silver-Mu¨ller radiation condition.
By Lemma 5.1 in the following, we have
‖ν × Eˆ‖
TH
−1/2
Div (∂Ω)
≤ C‖ν ×E‖
TH
−1/2
Div (∂D)
,
where C is a positive constant depending only on D, Ω and ω, µ, , σ.
Note that
Eˆ = E−Ec = Es,ω −Es,ωc and Hˆ = H−Hc = Hs,ω −Hs,ωc in R3\D¯.
Then there is
‖ν ×Es,ω − ν ×Es,ωc ‖TH−1/2Div (∂Ω) = ‖ν × Eˆ‖TH−1/2Div (∂Ω) ≤ C‖ν ×E‖TH−1/2Div (∂D),
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which in turn implies that
‖ν ×Es,ω‖
TH
−1/2
Div (∂Ω)
≤ ‖ν ×Es,ωc ‖TH−1/2Div (∂Ω) + C‖ν ×E‖TH−1/2Div (∂D). (67)
By the argument in the proof of Theorem 1.1, we see that
‖ν ×Es,ωc ‖TH−1/2Div (∂Ω) ≤ Cε. (68)
By applying (66), (68) to (67), we have
‖ν ×Es,ω‖
TH
−1/2
Div (∂Ω)
≤ C
(
+ τ1/2‖Egω‖H(curl,Ω) + τ1/2‖Hgω‖H(curl,Ω) + τ1/2‖ν ×Es,ω‖TH−1/2Div (∂Ω)
) (69)
for some constant independent of ε and τ . For sufficiently small τ , we obviously have from (69)
that
‖ν ×Es,ω‖
TH
−1/2
Div (∂Ω)
≤ C
(
ε+ τ1/2‖Egω‖H(curl,Ω) + τ1/2‖Hgω‖H(curl,Ω)
)
, (70)
where C is a constant independent of ε, τ, (Egω,H
g
ω) and a, µa, σa.
Finally, by the well-posedness of the electromagnetic scattering problem, one readily has (11)
and (12) from (70).
The following lemma is crucial in the proof of the above theorem.
Lemma 5.1. Let (R3\D¯; m, µm, 0) be the one described in (53). Let (Eˆ, Hˆ) ∈ H(curl,R3\D¯) be
the unique solution to
curl Eˆ− iωµHˆ = 0 in R3\D¯,
curl Hˆ + iωEˆ = 0 in R3\D¯,
ν × Eˆ = f in ∂D,
Eˆ, Hˆ satisfy the Silver-Mu¨ller radiation condition.
Then there holds
‖ν × Eˆ‖
TH
−1/2
Div (∂Ω)
≤ C‖f‖
TH
−1/2
Div (∂D)
, (71)
where C is positive constant independent of f .
Proof. By simple calculations, we get the following identity in terms of Eˆ:
curl curl Eˆ− ω2n(x)Eˆ = 0 in R3\D¯,
where n(x) := (x)µ(x) > 0. Then, we have
curl curl Eˆ− ω2Eˆ = ω2(n− 1)Eˆ in R3\D¯.
We seek the solution in the form of the electromagnetic field of an electric dipole distribution.
Suppose there exists density function ϕ(x) ∈ TH−1/2Div (∂D) such that Eˆ can be represented as
Eˆ(x) = curl x
∫
∂D
ϕ(y)Φ(x, y) ds(y) +
∫
Ω\D¯
ω2(n− 1)Eˆ(y)Φ(x, y) dx, x ∈ Ω\D¯, (72)
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where Φ is the fundamental solution for Helmholtz equation. We introduce the single layer operator
SDϕ(x) :=
∫
∂D
Φ(x, y)ϕ(y) ds(y), x ∈ R3,
and the boundary operator
MDϕ(x) := ν(x)× curl x
∫
∂D
Φ(x, y)ϕ(y) ds(y), x ∈ ∂D.
Then we have the following jump relation
ν(x)× curl xSD|±ϕ(x) =MDϕ(x)± 1
2
ϕ(x), x ∈ ∂D.
Define
VNϕ(x) :=
∫
R3\D¯
ω2(n− 1)ϕ(y)Φ(x, y) dy, x ∈ R3\D¯.
Then we have the following system with unknowns (Eˆ, ϕ) ∈ H(curl,Ω\D¯)× TH−1/2Div (∂D):{
Eˆ(x) = curl xSDϕ(x) + VN Eˆ(x), x ∈ Ω\D¯,
f(x) =MDϕ(x) + 12ϕ(x) + ν(x)× VN Eˆ(x), x ∈ ∂D.
(73)
We write system (73) in the matrix-vector notation as[
I 0
2ν × VN I
] [
Eˆ
ϕ
]
+
[−VN −curl xSD
0 2MD
] [
Eˆ
ϕ
]
=
[
0
2f
]
,
where I is the identity operator. The matrix operator[
I 0
2ν × VN I
]
is invertible, and has inverse [
I 0
−2ν × VN I
]
.
All the entries of [−VN −curl xSD
0 2MD
]
are compact(see section 6.3, [11]). Hence, we can apply the Riesz-Fredholm theory to (73). For
this purpose, suppose Eˆ and ϕ are a solution to (73) with f = 0 on ∂D. By Theorem 6.11 in [11],
it is easy to see that Eˆ = 0 in R3\D¯. Then we have
0 =MDϕ(x) + 1
2
ϕ(x), x ∈ ∂D.
Hence, by Riesz-Fredholm theory, it is sufficient to show that(
1
2
I +MD
)
ϕ(x) = 0, ϕ ∈ TH−1/2Div (∂D)
has only trivial solution, i.e., ϕ = 0. Since the null space of the operator 12I +MD corresponds
to solutions of the homogeneous interior Maxwell problem(see Theorem 4.23, [10]). If ω is not an
interior Maxwell eigenvalue, then 12I +MD is invertible. Therefore, we have ϕ = 0.
Finally, by the integral representation (72), direct calculations show (71). The proof is done.
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6 Conclusion
In this paper, we consider a novel interior transmission eigenvalue problem associated with the
Maxwell system, where the inhomogeneous EM medium contains a PEC obstacle. This is mainly
motivated by the study on invisibility cloaking from the EM wave probing. In certain practical
scenarios, we establish the existence and discreteness of the transmission eigenvalues and eigen-
functions of the interior transmission eigenvalue problem. We would like to emphasize that our
study in this aspect is not exclusive, and the existence and discreteness of the interior transmission
eigenvalues and eigenfunctions may hold in other scenarios, which is definitely worth of further in-
vestigation. Using the Maxwell-Herglotz approximation to the interior transmission eigenfunctions
derived previously, we can generate a set of nearly non-scattering waves corresponding to a PEC
obstacle coated with a layer of regular isotropic EM medium. Finally, by introducing a deliberately
designed lossy layer, we can construct a novel cloaking device that takes a three-layered structure.
The innermost core is the cloaked region, where the cloaked object can be arbitrary; the outermost
layer is the cloaking region, and the lossy layer lies in between the cloaking and cloaked regions.
The mediums inside the cloaking region and the lossy layer are both regular and isotropic. The
nearly cloaking effect is only achieved for waves from the nearly non-scattering set generated above,
and we sharply quantify the cloaking performances.
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